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Abstract 

The concept of h-vector was introduced by H. Izumi in 1980. Recently we 
have obtained the Cartan connection for the Finsler space whose metric is given 
by Kropina change with an h-vector. In 1985, M. Matsumoto studied the theory 
of Finsler hypersurface. In this paper, we derive certain geometrical properties of 
a Finslerian hypersurface subjected to a Kropina change with an h-vector. 
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1 Introduction 




In 1984, C. Shibata m dealt with a change of Finsler metric which is called a /3- 
change of metric. A remarkable class of /3-change is Kropina change *L(x,y ) = 

If L(x, y ) is a metric function of a Riemannian space then *L(x, y) reduces to the metric 
function of a Kropina space. Such a Finsler metric was introduced by V.K. Kropina [4]. 
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lumbers in square brackets refer to the references at the end of the paper. 




H. Izumi [3] while studying the conformal transformation of Finsler spaces, intro¬ 
duced the h-vector bi, which is v-covariant constant with respect to the Cartan connec¬ 
tion and satisfies LCh bh = phij , p ^ 0. Thus if bi is an h-vector then 

(1.1) ( i ) bi\ k = 0 , (ii) LC^ b h = ph^ . 

This gives 

(1.2) Ld j b i = ph ij . 


Since p ^ 0 and hij ^ 0 for hij = 0 implies n — 1 which is not true, the h-vector bi 
depends not only on positional coordinates but also on directional arguments. Izumi [3] 
showed that p is independent of directional arguments. The present authors |2j obtain 
the relation between the Cartan connections of F n = (M n , L) and *F n = ( M n , *L ) 
where *L(x,y ) is obtained by the transformation 


(1.3) 


*L(x,y) 


L 2 (x,y) 
bi(x,y) y i 


and bi(x,y ) is an h-vector in (M n ,L). 

M. Matsumoto [5] presented a systematic theory of Finslerian hypersurface. The 
present authors |1J obtained certain results for the Finslerian hypersurface. 

In this paper, certain geometrical properties of a Finslerian hypersurface subjected 
to a Kropina change with an h-vector, were disscussed. 

The terminologies and notations are referred to Matsumoto PJ. 


2 Preliminaries 

Let M n be an n-dimensional smooth manifold and F n = (M n , L ) be an n-dimensional 
Finsler space equipped with a metric function L(x, y) on M n . The normalized supporting 
element, the metric tensor, the angular metric tensor and Cartan tensor are defined by 
li = diL , g t j = 1 di djL 2 , = Ldi djL and Cijk — \ gij respectively. Throughout 

this paper, we use the symbols di and di for djdy 1 and d/dx l respectively. The Cartan 



connection in F n is given as CT = (Ff k ,Gj,Cf k ). The h- and v-covariant derivatives of 
a covariant vector Xi(x,y) with respect to the Cartan connection are given by 

(2.1) X u = djXi - [ihX^G) - FIX ,., 
and 

( 2 . 2 ) x i \ j = d j x i -cr J x r . 

A hypersurface M n ~ l of the underlying manifold M n may be represented paramet¬ 
rically by the equations x l = x' l (u a ), where u a are the Gaussian coordinates on M n ~ l 
(Latin indices run from 1 to n, while Greek indices take values from 1 to n-1). We assume 
that the matrix of projection factors B l a = dx l /du a is of rank n-1. If the supporting 
element y l at a point u = (■ u a ) of M n ~ l is assumed to be tangent to M n_1 , we may then 
write y l = B l a {u ) v a so that v = (■ v a ) is thought of as the supporting element of M”' 1 
at the point u a . Since the function L(u,v) = L^x(u), y(u, v)^ gives rise to a Finsler 
metric on M n_1 , we get an (n-l)-dimensional Finsler space F 1 ”" 1 = (M n_1 , L (u, v)). 

At each point u a of F 1 ”” 1 , a unit normal vector N l (u,v ) is defined by 

(2.3) g tJ FT; N 3 = 0, 9ij N* N* = 1. 

The inverse projection factors Bf (u, v) of B l a are defined as 

(2.4) B? = g°f’g ij Bi, 

where g a>6 is the inverse of the metric tensor g a p of F 1 ” -1 . 

From (2.3) and (2.4), it follows that 

(2.5) F£F?f = <Sf, B l a Ni = 0, N* Bf = 0, N i N i = 1, 
and further 

(2.6) B l a Bf + W Nj = 5) . 

For the induced Cartan connection ICY = (Ff ,Gp,Cp ) on F 1 "^ 1 , the second funda¬ 
mental li-tensor H a p and the normal curvature vector H a are given by 

= Ni (BLe + 4 Bi B‘) + M a H $ , 


(2.7) 



and 


( 2 . 8 ) 


H a = NJB' 0a + G)Bi), 


where M a = Cij k B l a N j N k , B’ a/3 = d 2 x l /du a du 0 and B l 0a = B l p a v&. 
The equations (2.7) and (2.8) yield 


(2.9) H 0a = Hp a v 13 = H a , H a o = H a/3 v 13 = H a + M a H 0 . 


The second fundamental v-tensor M a p is dehned as: 
(2.10) M a p = C ijk B { a B 3 p N k . 


The relative h- and v-covariant derivatives of B l a and N l are given by 


( 2 . 11 ) 



B^ = H a pN\ 
= -H a pB«g i i, 


B i a \p = M a pN\ 

N i \p = -M a pB«g ij . 


Let Xi(x,y) be a vector held of F n . The relative h- and v-covariant derivatives of Xf 
are given by 


(2.12) X A p = X i{j Bi + Xi\j N* He , X t \p = X^ B j p . 

Matsumoto [5] dehned different kinds of hyperplanes and obtained their character¬ 
istic conditions, which are given in the following lemmas: 

Lemma 2.1. A hypersurface F n ~ 3 is a hyperplane of the first kind if and only if H a = 0 
or equivalently H 0 = 0. 

Lemma 2.2. A hypersurface F n ~ l is a hyperplane of the second kind if and only if 

H a p = 0 . 

Lemma 2.3. A hypersurface F n ~ l is a hyperplane of the third kind if and only if H a p = 
0 = M a p. 


3 The Finsler space *F n = (M ra , *L) 

If we denote b^ 1 by fd then indicatory property of hij yield di/3 = b t . Throughout 
this paper, the geometric objects associated with *F n will be asterisked. We shall use 


the notation Lij = <9* djL , L l]k = d k L, L j ,... etc. From (1.3), we get 


(3.1) 


(3.2) 


2 r 2 


"Lij = (2r - pr“) + —r- m* , 


P 


2 r 


Lijk (27" pr ) Ljjfc T (p7~ 1) ( 'ffiiLjh + rrijLik T Tn k Ljj ) 

2r 2 6r 2 

- -j-pirninrijlk + rrijUikk + - —mimjTYik , 


where t = L//3, m t — b t — The normalized supporting element, the metric tensor 
of *.F n are obtained as [2j 


(3.3) 


*k = 2rli~ r 2 bi , 


(3.4) *g tj = (2r 2 - pr 3 ) g tj + 3r 4 bibj - At*{ kb, + 6<Zj) + (4r 2 + pr 3 )^- , 


Differentiating the angular metric tensor hij with respect to y k , we get 


which gives 
(3.5) 


2 Cijk i hjk + (j hik), 


2 1 

Lijk —F^ijk t 2 \Lijlk T hj k li T hkilj)- 


L~ l3K L 2 

Taking (3.5) into account, (3.2) can be rewritten as 


T 


6 r 2 


(3.6) *(7^ = (2r" - pr 3 ) (7^ - —(4 - 3pr)(h ij m fc + h jk mi + h ki mj) - —mimjm k . 


2 P 

The inverse metric tensor of *F n is derived as follows [2]: 


P 


*g 13 = (2t - pr ) 


3\—1 


*7 


2r 4 — ot 

"■ + H {rv + b i v) 


(3.7) 


25 2 r — p 25 2 r — p 

3 p6 2 r 3 — p 2 r 2 — 46 2 r 2 — 2pr + 


-r V 


r(26 2 r — p) 

where b is the magnitude of the vector b l = g 13 bj. 

We obtained the relation between the Cartan connection coefficients F- k and * F- k as |2J 


*r” — p l 4- n ! 

” jk ” jk ' ^ jk ' 


(3.8) 








Transvecting by y 3 and using F^ k y 3 = G k , we get 


(3-9) *G' k = Gl + D' k , 

where the subscript ‘O’ denotes the contraction by the supporting element y 3 . Further 
transvecting (3.9) by y k and using G k y k = 2G\ we get 

(3.10) 2*G { = 2G i + D* 0 . 

Differentiating (3.9) partially with respect to y h and using dhG l k = G kh , we have 

(3-11) *(?;,. = GL + di,D ‘ k , 

where GJ. h are the Berwald connection coefficients. The expressions of Dq 0 , and D * k 

are given by 


(3.12) 

(3.13) D' 0j = f 


2r 2 o Tt / 1 

Ai, = Vt(A- EJ - ——Am' - F 0 ‘), 


2 — pr 2 — pr\/3 


i( 1 ( 2 b 2_P 


t\{3 


-i 


Gfjj H—Gb r — 


2m i (2 2 p \- 1 


r 3 J 2 — pr\ (3 


b —- ) Gpj + 


G1, 


(3.14) 


r 


2r — pr 2 3 

2m ° ( 2 h 2_^V 1 H I L H j 

t " I n PlkW^_ __ 0 n ikl 


2 — pr\f3 L 


2 t — pr 


where 

(3.15) 

(3.16) 

(3.17) 


'Z 1 

Gij =—(;m i /3 j - rrijpi) - r 2 - -(2r - pr 2 )L ijr D r m - —p 0 L i:j 


D 00 J2 m i{(P r ~ l ) L jr - ^A} + ^ 0 ((P r - !) L 


3r 


ijr 


0 

Gj = r 2 (F i0 — -Ejo) > 


p II);111 ; ) , 


Hjik 


(pr 2 - 2 r) 


p D ok 

ijr 


{Lijr^ok + Lj kr D r 0i — L kir D r 0j } 

- 1 )L jr - ~ iTijb r j. - ^y,|(pr - l)L fcr - 


mb pr 


jkr 


+ a^oj ^ ^ m k |(pr l)Tj r g Tii t b r j> 2 (PkLij-\~ PiLjk PjLki) 

kir 

7~ f 3 r 3 t~ 

+ ^{Afc((P r - 1 ) L ii “ + A((P r - l)%fe - -J^j^ik) 


3 r 'l 

(3j ((pr - l)I/ fci - — m k mi) j, 



(3.18) 


T 2 1 

H-ik = T m k0i) ~~ T Eik — —(Gik + Gki) , 

and 

A=^-2F^-ty\ 

(3.19) —g ir F r j, G‘=g ik G tj , H t { = g<™H mit , 

2-E ij bi\j + 6j|j, 2 Fij bi\j bj\i , (3j /3p, p k p ^ d^p. 

The symbol denote cyclic interchange of indices i,j, k and summation. 

ijk 

Lemma 3.1. [2] If the h-vector 6* is gradient then the scalar p is constant. 

Lemma 3.2. |2] For the Kropina change with h-vector, the difference tensor Df k van¬ 
ishes if and only if the vector bi is parallel with respect to the Cartan connection of F n , 
and then the Berwald connection coefficients for both the spaces F n and *F n are the 
same. 


4 Hypersurface *F n 1 of the space *F n 

Let us consider a Finslerian hypersurface F n ~ l = (M n ~ x , L(u, v)) of F n and a Fins- 
lerian hypersurface *F n ~ 1 = (M n_1 , *L(u,v )) of *F n . Let N l be the unit normal vector 
at a point of F n ~ l . The functions Bf(u) may be considered as the components of n -1 
linearly independent vectors tangent to F n ~ l and they are invariant under the Ran- 
ders conformal change. Then the unit normal vector *N l {u,v) of *F n ~ 1 is uniquely 
determined by 


(4.1) 


' 9ij B' a 'Ni = 0, 


9ij 


t N i *N j = 1. 


The inverse projection factors *Bf are uniquely defined along *F n 1 by 

(4.2) *B“= 

where *g af3 is the inverse of the metric tensor *g a p of *F n ~ l . 

From (4.2), it follows that 


(4.3) 


Bf *B? = 5? B\ *Ni = 0 , *N i *Bf = 0 , *N* *N t = 1. 


Transvecting (2.3) by v a , we get 


(4.4) Vj N j = 0. 

Transvecting (3.4) by N l N 3 and paying attention to (2.3) and (4.4), we have 

(4.5) * 9ij N i N j = (2r 2 - pr 3 ) + 3r 4 (k IV*) 2 , 

which shows that N 3 /yj (2r 2 — pr 3 ) + 3r 4 JbiN' 1 ) 2 is a unit vector. Again transvecting 
(3.4) by B l a N 3 and using (2.3) and (4.4), we get 

(4.6) * 9ij B\ N 3 = (bj 1V j )(3t 4 b t B l a - 4 r 3 l t B' a ). 

This shows that the vector N 3 is normal to *F n ~ 1 if and only if 

{bj N 3 )(3t 4 bi B^ — 4r 3 B^) — 0 . 

This implies at least one of the following : 

(a) 3 t 4 bi B l a - 4r 3 k B' a = 0 , ( b ) b, N 3 = 0 . 

The transvection of 3r 4 b t B\ x — 4r 3 l t B l a = 0 by v a gives 3r 4 b t y l — At 3, lit) 1 = 0, i.e. 
t = L//3 = 0, which is not possible. Therefore 3r 4 bi B l a — 4r 3 l, B l a ^ 0. Hence 

(4.7) bj N 3 = 0 . 

This shows that the vector N 3 is normal to *F n ~ 1 if and only if bj is tangent to F n ~ l . 
From (4.5), (4.6) and (4.7), we can say that N 3 /^/{Fr^^pr 3 ) is a unit normal vector 
of *F n ~ 1 . Therefore in view of (4.1), we get 

(4.8) *Ab = TNT/V^T^pr 5 ), 
which, in view of (3.4), (4.4) and (4.7), gives 

(4.9) *Ni = * 9ij *N 3 = \J (2r 2 — pr 3 ) N % . 


Thus, we have: 



Theorem 4.1. Let *F n be the Finsler space obtained from F n by a Kropina change 
(1.3) with h-vector. If *F n ~ 1 and F n ~ l are the hypersurfaces of these spaces then the 
vector bi is tangential to the hypersurface F n ~ l if and only if every vector normal to 
F n_1 is also normal to *F n ~ 1 . 

In view of (4.4) and (4.7), the vector m l appearing in (3.2) satisfies 

(4.10) m i N i = 0. 

As hij = gij — Ifj , equations (2.3) and (4.4) yield 

(4.11) h ij B i a N i = t). 

Transvecting (3.6) by B l a B J /3 N k and using (4.10) and (4.11), we get 

(4.12) *C ijk B\ N k = (2r 2 - pr 3 ) C ijk Bf B ] j N k . 

Using (2.10) and (4.8), equation (4.12) may be written as 

(4.13) *M a0 = \J (2t 2 — pr 3 ) M a p . 

From (2.8), (3.13) and (4.9), we get 

*H a = y/(2T*- P T 3 )(H a + NiDi k B *). 

Transvecting by v a and using v a B k = y k , we get 

(4.14) *H 0 = (2r 2 — pr 3 )(H 0 + N.D^). 

Transvecting (3.12) by N t and using (4.4) and (4.10), we get 

21T 

(4.15) —F^Ni. 

If the vector bi is gradient, i.e. b,^ = bj\ t , then 

(4.16) Fij= 0, 
and then by Lemma 13.11 we have 


(4.17) 


Pi = 0. 







Therefore (4.15) becomes D l 00 N t = 0, and then equation (4.14) reduces to 


*H 0 = V(2t 2 - pr 3 )H 0 . 

Thus, in view of Lemma [2.11 we have: 

Theorem 4.2. Let the h-vector bi(x,y) be a gradient and tangent to the hypersurface 
F n ~ 1 . Then the hypersurface F n ~ 1 is a hyperplane of the first kind if and only if the 
hypersurface *F n ~ 1 is a hyperplane of the first kind. 

Taking the relative L-covariant differentiation of (4.7) with respect to the Cartan 
connection of F n ~ l , we get 

bi\p N* + bi N^p — 0 . 

Using (2.11) and (2.12), the above equation gives 

(t>ij Bg + bi\ 3 N* II i).\' - b, //„, Bf g* = 0. 

Transvecting by v 13 and using (2.9), we get 

(4.18) b t ,0 IV* = (H a + M a H 0 )B? V - b t \ 3 H 0 N l NT 

For a hypersurface of the first kind, H 0 = 0 = H a . Then (4.18) reduces to b^N 1 = 0. 
If the vector bi is gradiant, i.e. 6,-u = bju , then we get 

(4.19) E ia N i = b i \ 0 N i = P i N i = Q. 

Therefore (3.16) gives 

(4.20) GjN j = 0 . 

Transvecting (3.15) by b l N 3 and using (4.10), (4.16), (4.17) and (4.19), we get 

(4.21) Gij V N j = G pj N j = 0 . 

Again transvecting (3.15) by N l B J a and using T>g 0 Aj = 0 and b t N l = 0, we obtain 

GijN'IL 0. 


(4.22) 





Transvecting (3.13) by N t B ] a and using (4.4), (4.10) and (4.22), we get 

(4.23) D‘ f N i B 3 a = 0 . 

Transvecting (3.12) by and using (3.5) and (4.16), we have 

(4.24) LijkD^ = (A — /? 0 ) — ^-^2 + ^ jk £2(2 — p T ) + m kh) ■ 

Transvecting (3.13) by N j B*h ki and using (4.10) and (4.24), we get 

(4.25) D^B k a h ik = 0 . 

Again transvecting (3.13) by b t N ] and using (4.20) and (4.21), we get 

(4.26) b t N* = 0 . 

Transvecting (3.17) by N j B l a Bp and using (4.10), (4.23), (4.25) and (4.26), we obtain 
(4-27) ^ ~ 2T) NlB^L^h, + L jtr D £. - L kir D' oj ) , 

Let the fi-vector bi satisfies the condition 

(4.28) y„c,; = 0, 

then 

(4.29) P r C£ = 0. 

Transvecting G rk by N j B l a Bp and using (4.16), (4.17), (4.24) and (4.29), we get 

Cy G rk = -C’j N‘BiB* [(.4 - /?„)+ ^ pT] ) K k 

+ ^P T ~ l ) D m m s L rk - jjPo(P T - • 

Using (2.10), above equation is simplified as 

C[j N j B^Bp G rk = X M a p , 



where we put 


A --(A-f3 0 )(^ + j4^—) +(A- Po)(PT ~ 1) 


2r 3 m 2 r n . 

+ TsPoipr- !)■ 


C 2 (2 -pr). 


L/3 (2 — pr) L/3 


Hence we get 
(4.30) 


Lij r N j D kk = 7T-—-—5 lvl aP - 


2r — pr 2 


■ AC, 


By interchanging the indices i and /e, we have 


(4.31) 


L^N’BiBt DL = 


2 A 


■ AT *. 


J jkr 1 ' ±J a- LJ P ^0i 2 r _ p r 2 “/3 

Transvecting (3.15) by iV J " and using (4.10), (4.16), (4.19) and (4.24), we get 


G ij N j — 


where we put 

Using this, we obtain 


r 


- Li3 m - D 


T 


00 + z/ o(pr 


!)• 


(4-32) L kir N*B l a Bp £>£ = — M„„ . 

Using (4.30), (4.31), (4.32) in (4.27), we get 


(4.33) H jik WB' a B% = (n - 2A)M„„. 

Since PAT,- = 0 and mPNj = 0, the equation (3.14) gives 

(4.34) Biy B‘ B‘ = . 

From (2.7), (3.8) and (4.9), we have 

(4.35) *77 a/3 - *M a *Hp = y/2r 2 - pr 3 (77 Q/3 + D* fc TV, Bf Bf) — M a Hp . 

Thus from (4.28), (4.34) and (4.35), we have: 

Theorem 4.3. For the Kropina change with h-vector, let the h-vector b k be a gradient 
and tangential to the hypersurface F n ~ 1 and satisfies the condition (4.28). Then 


1. *F n 1 is a hyperplane of the second kind if F n 1 is a hyperplane of the second kind 
and M a p = 0. 

2. *F n ~ 1 2 is a hyperplane of the third kind if F 77 ^ 1 is a hyperplane of the third kind. 

A Finslcr space F n is called a Landsberg space if the (v)liv-torsion tensor Pf van¬ 
ishes, i.e. 

(4.36) pr. = C ; nk y k = 0. 

Taking h-covariant derivative of (1.3)(ii) and using L^ k = 0 = h^ k , (4.17), we get 

K\ k cfj + K c[ j]k = o. 

Contracting by y k and using (4.36), we get 

^r|0 Cij = O’ 

which is the condition (4.28). Hence we have: 

Theorem 4.4. For the Kropina change with h-vector, let the h-vector hi be a gradient 
and tangential to the hypersurface F n ~ 1 of a Landsberg space F n . Then 

1. *F n ~ 1 is a hyperplane of the second kind if F n ~ x is a hyperplane of the second kind 
and M a p = 0. 

2. *F n ~ 1 is a hyperplane of the third kind if F 71 ^ 1 is a hyperplane of the third kind. 

For the Kropina change with h-vector, let the vector bi be parallel with respect to 
the Cartan connection of F n . In view of Lemma [3.21 we have 

(4.37) *4 = F‘ k , 

Thus from (2.7), (4.9), (4.13) and (4.37), we have: 

Theorem 4.5. For the Kropina change with h-vector, let the vector bi be parallel with 
respect to the Cartan connection of F n and tangent to the hypersurface F n ~ 1 . Then 
*F n ~ 1 is a hyperplane of the second (third) kind if and only if F n ~ l is also a hyperplane 
of the second (third) kind. 
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